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Then, using similar arguments to the ones in [3], it can be shown thatBeamforming Using the Fractional Fourier Transform
[3, Th. 1] holds. _

Moreover, [3, Th. 2] holds with the following minor changes: Imam Samil Yetik and Arye Nehorali
VP (x| M) replaces(*))(+»), T(»)) in statement 1. Statement

2 is unchanged. Statement 3 is modified to the following explicit Abstract—We present a new method of beamforming using the fractional

formula for the Gittins index: Fourier transform (FrFT). This method encompasses the conventional min-
- ) imum mean-squared error (MSE) beamforming in the frequency domain

; ‘ MX; v(3) 2P or spatial domain as special cases. It is especially useful for applications

’Y(P) (T(P)> =, max - = (9)  involving chirp signals such as signal enhancement problems with acceler

N i, NEAN (Ai, v (3) — /\iﬂl(l))’ z() + M 9 psig g p -

ating sinusoidal sources where the Doppler effect generates chirp signals
and a frequency shift and active radar problems where chirp signals are
where each vectox;, v € AS\{?J is of the form transmitted. Numerical examples demonstrate the potential advantage of
the proposed method over the ordinary frequency or spatial domain beam-
\ N \ , forming for a moving source scenario.
ik =[N (1) 0 X x(3) 0 : ; ;
k=1 " k(1) " £(3) ] Index Terms—Beamforming, fractional fourier transform, sensor array
where; (1), \i 1(3) € RVr. (10) signal processing, time-frequency analysis.

Statement 3 above gives an explicit formula for the Gittins index of the |. INTRODUCTION
HMM multi-armed bandit problem. Recall thaf”’ is the information
state computed by theth HMM filter at time k. Given that we can
compute set of vectorﬁf\’?) , (9) gives an explicit expression for the
Gittins indexw‘({,f" (mép) ) atany timek for projectp. Note if all elements
of R(p) are identical, ther”’(x) = M for all . Sections II-E, Il
and 1V of [3], including the beam scheduling algorithm for a hybri
sensor of Section IlI-C, still hold.

It is worthwhile noting that the above solution is computationall
simpler as the information stateis a2(/\, + 1)-dimensional vector,
whereas the information stateconsidered in [3] is avg -dimensional

Beamforming is a widely used tool in sensor array signal pro-
cessing for various goals such as: signal enhancement, interference
suppression, and direction of arrival (DOA) estimation. Essentially,
beamforming is a filtering of signals arriving at distributed sensors.
dl’he filtering weights at the sensors are chosen to achieve a certain
goal. Spatial filtering is useful in many applications since the signals

f interest and the interference are spatially separated. Generally, a

eamformer also includes temporal filtering along with the spatial
filtering to exploit spectral differences. It uses a weighted sum of the
sensor outputs at certain time instants. In other words, beamforming is

vector. . s :
a linear combination of the temporal outputs of the multiple sensors.
Mathematically, we can express a general beamformer operation as
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w

where the superscript™ denotes transpose and " Hermitian con-
jugate. Some beamformers deviate from this general form to meet cer-
tain needs. For example, when the signal of interest is broadband, it
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Fig. 1. Rotational effect of the FrFT in the time-frequency plane: A chirp that is an oblique line in the time-frequency plane transforms into a thetiai
vertical line in this plane.

is a good idea to perform beamforming in the frequency domain (i.evhere
following Fourier transform) rather than spatial domain.

I ( N — ; 2 9 e b e
There exists a vast number of beamforming algorithms in the litera- Ka(u,u') =4, exp [im(cot gu” — 2esc uu’ + cot gu™)]

ture. Here, we will briefly review only a few general approaches. Each o :?
of these has its advantages and disadvantages, depending on the appli- g i
cation and the prior knowledge we have about the signal. Maximum Ag =1 —icoto.

signal-to-noise ratio (SNR) beamforming [1] chooses the weights $pe square root above is defined such that the argument of the re-
that the SNR at the output of the beamformer is maximized. The 0Qs;: jies in the interval —7 /2. 7/2]. Whena is an even integer, the

timal weights require knowledge of the second-order statistics of 4§, kernel is undefined. However. it is possible to show thatzas
noise and signal. The multiple side-lobe canceler [2] aims to caneghaches an even integer, the kernel approaches a delta function. That
the effect of auxiliary channels that are used to measure noise andiénk-’“(u a') = 6(u —u') andKarss (u,0') = 8(u + '), wherel is

terference. The Capon beamformer [3], which is a special case of §j2, hitrary integer. The FrFT reduces to the ordinary Fifer 1 and
linearly constrained minimum variance beamformer [4], minimizes th@entity operation for: = 0. Itis index additive, that is, the; th-order

output power to ensure that the effect of noise is minimized, with thggT o theath-order FrFT is equal to theu + a-)th-order FrFT.

constraint that the magnitude of the frequency response in a certainfliz ygition, there exists a fast implementation of the FrFT [8] with im-
rection is unity. Use of a reference signal [5] suggests the design of B]@mentation cost of orde¥ log(N'), whereX is the signal temporal
beamformer so that the MSE between its output and a desired Sigd'%ﬁlgth. ‘

is minimized. The method proposed in this paper can be viewed as &g effect of the FrFT is most easily seen in the time-frequency

generalization of the last one. To find a more extensive treatmentiﬂgnel Here, we use the Wigner distribution to illustrate the effect of

beamforming, see [6]. _ - the FrET on a signal since it is one of the most popular time-frequency
The motivation behind the proposed method is the ability of the fragistributions and has many useful properties [9]. It is defined as

tional Fourier transform (FrFT) to process the chirp signals better than - ) .

the ordinary Fourier transform (FT). In array signal processing, chirp W, v) = / - <u + 1) > <U _ U_r> expli2nva’]du’ (5)

signals are encountered for example in problems where a sinusoidal —so 2 2

source is accelerating or active radar problems where chirp signals\mgerev denotes the frequency variable, ands the time or space

transmitted. Acceleration of the source causes its sinusoids to arriv%gpiab'e_ The Wigner distribution gives an idea of how the energy of
the sensors as chirp signals. Therefore, replacing the FT with the Fri- L5 is distributed in time and frequency. The effect of the FrFT on
should improve the performance considerably. the Wigner distribution of a signal is simply a clockwise rotation by an

In Section I, we give a brief overview of the FrFT and explain the ady, 6., in the time-frequency plane, as illustrated for a chirp signal in
vantage of using itin this specific problem. Section Il explains the pre5,” ¢

posed beamforming method. Numerical examples for a moving SOUICeha ErET has found many applications in digital signal processing

is given in the Section IV. Section V is devoted to a discussion of trgach as filtering [10], signal restoration [11], system synthesis [12],
results and future work. mutual intensity synthesis [13], system decomposition [14], [15], op-
timum Wiener filtering [16], image restoration [17], and perspective
projections [18]. More complete treatment of the FrFT and many of its
optics and digital signal processing applications can be found in [7].
The FrFT [7] is essentially a time-varying filter. More specifically, The FrFT suggests a potentialimprovementin any application where
it is a one-parameter generalization of the FT. We compute the Frie ordinary FT is used since it provides an extra degree of freedom
by using this parameter as the functional power of the ordinary FT [Forresponding to the choice of the ordgeiWe can attempt to improve
Letting () be an arbitrary signal, itsth-order FrFT is defined as  the solution to any problem that utilizes the FT by carrying the extra
parameter throughout the solution and then optimizing over this pa-
< , R rameter. The FrFT is most likely to improve the solutions to problems
za(u) = / Ka(u,w))x(u’)du (4 where chirp signals are involved. This is because a chirp signal forms

oo

Il. FRACTIONAL FOURIER TRANSFORM
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Fig. 3. Block diagram of the proposed FrFT beamfornfét. denotes the
L/ ath-order FrFT.

P summarize these operations by writing the input-output relationship
y explicitly

vty = P~ {u' (F{a(0))) | ®)

Fig. 2. Separation of signal and noise in an appropriate domain.  \here F{-} denotes theith order FrFT. Since the structure of the
beamformer is now changed, we have to recalculate the optimum

a line in the time-frequency plane, and therefore, there exists an or&’eerjghts' The goal is again to minimize the MSE t_)etvveen the desired
for which such a signal is compact. Chirp signals are not compactslf‘cr]n"’lI and_the output of the beaqurme_r. We substitute the beamformer
the spatial or time domain. Thus, in many such cases, we can filter <9LlfttpUt (8) into the MSE (6_) to be mlnlmlzed anc_j solve for th.e pp_tlmum
the signal easily in an appropriate fractional Fourier domain when$ ders. See [16.] for details. The optimum weights that minimize the
is not possible to separate the signal and noise in space or frequenc%/E are now given by
domain, as shown in Fig. 2. A sinusoid emitted from an accelerating Wopt = R;alrxad 9)
source will arrive the sensors as a chirp signal, and therefore, the FRﬁﬁereRr is the covariance of theth-order FrFTs of the signals ar-
beamforming can improve the beamformer performance. Indeed, N

. . ) N/fng at the sensors, ang,, . is the cross-covariance between the
computer simulations show that much smaller errors are obtained WheR_o o1 ErET of the desired signal and the FrFTs of the signals ar-
the FrFT beamformer is used.

riving at the sensors. The covarianfe, and the cross covariance
r.,4 Should be knowra priori in a moving source problem. On the
Ill. BEAMFORMING USING THE FRFT other hand, in an active radar problem, we can calculate it since the

The method we propose generalizes the minimum MSE beamfornsignal tran_smitted is knqwn to us, assuming a distribution for the pa-
[5]. In the latter method, the goal is to minimize the MSE between tfi@meters like range, radial velocity, and DOA of the target.
beamformer output and the desired signal. The desired signal is deterVe can compute., andr.,q using the original covariances as
mined by the problem at hand. In a moving source problem, the desif@iows:
signal is the signal emitted by the source, which we want to obtain as R,, =R, (t,t')
free of noise as possible. In an active radar problem, it may be the signal Sl S "o
reflected from the target. It may have different meanings in other beam- = / / Ko(t, ") Ko (8, 67) R (£, 87)dt" dt
forming applications that we do not mention here. Mathematically, the e :r;j,o(t,;'o)o

optimal weightsw,,, given by A
:/ / Kot " K_o(t' , t" Yrpa(t' ¢ at'" at'".

The previous discussion gives the optimum weights for beam-

wherey.(t) denotes the desired signal¢) the beamformer output, forming m_acertamfrac_:tlonal Fogner domain. We still need to answer
; 2 oo . the question as to which domain should be selected. The optimum
and|| - || the L» norm given bylly(t)[|* = [~ y(t)y*(t) dt. The op- T ord t be found wiically | L Instead
timum weights can be calculated by substituting the beamformerout;ﬁﬁ order cannot be found analytically In general. instead, we
culate the MSE we want to minimize [see (6)] for differerst,

2)in the MSE expression (6) to be minimized. Solving these equatiofd .
éi\)/e the optimumpweights( ) 9 q and select the one that yields the smallest error. We can scan values

of « € [—1,1] using a spacing as close as we wish and make fine
adjustment if necessary.
The proposed method reduces to the ordinary minimum MSE beam-

forming in the spatial domain for = 0 and to the minimum MSE

where R.. is the covariance of the measurements at the sensors, %@%mfcrming in the frequency domain fer= 1. In Section IV, we
r.q IS the cross-covariance between the measurements at the sen S that in many problems, the optimum ordér is different t'han 1 or

and the desired signal. The beamformer OUtPUt IS given by (2). . ; thus, smaller errors can be obtained when the generalized method
The above result corresponds to the spatial filtering of the sign propose is used

arriving at the sensors. We extend this result by using filtering in a

fractional Fourier domain rather than the spatial domain. Fig. 3 shows
kv. NUMERICAL EXAMPLES: APPLICATION TO MOVING SOURCES

the general structure of the proposed beamformer. The measurements

at the sensors are transformed into dltle fractional Fourier domain;  We demonstrate that the proposed method yields improved results,

then, beamforming is performed in this domain, and the output is trarikat is smaller MSE, in a moving source scenario. We give three nu-

formed back into the time domain by using the inverse FrFT. We camerical examples for stationary, moving, and accelerating sources. The

wope = min E{|y(t) — ya(®)[”} (6)

Wopt = R;,lr.vd (7)
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Mean-squared error vs. a, SNR=20, stationary target.
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Mean-squared error vs. a, SNR=20, target with constant velocity.
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Fig. 5. Same as in Fig. 4 but for a moving source with constant velocity.

source is in the far field and emits an electromagnetic sinusoid withbe 100 m/s in a direction perpendicular to the array line. In the third
frequencyf = 100 kHz; therefore, the wavelengthis approximately example, the source accelerates from 60 to 120 m/s during the mea-
3 m. We assume additive Gaussian noise and use five linearly spasatement interval with an acceleration of 6 frifs the same direction.
passive sensors separated by half wavelength, and only instantanédgs. 4—6 show two figures of the MSE (6) for each scenario: (a) as a
measurements are used, without delays. The source signal is assuimection of the FrFT ordet and the (b) as a function of SNR for beam-

to be stochastic with known second-order statistics. In the second &¢mers in the space domain = (), frequency domai« = 1), and
ample, where the source is moving, we choose the velocity of the soutite proposed method for the optimum order.
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Mean-squared error vs. a, SNR=20, accelerating target.
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TABLE | V. CONCLUSION

MSE FOR THE THREE SOURCE CASES AND
THREE BEAMFORMER DOMAINS, SNR = 20

MSE

Domain | Stationary source | Const. velocity source | Accelerating source

a4 = Uopt 1.26 0.84 1.07
a=0 1.96 2.11 3.12
a=1 1.48 2.37 2.85

We have proposed a method of beamforming using the FrFT. The
method was shown to be especially useful (yielding smaller errors)
for chirp signals, for instance, in moving source problems, where the
Doppler effect produces chirp signals when the sinusoidal source is ac-
celerating, and causes a frequency shift when the velocity of the source
is constant. This method can be useful also in active radar when we
chirp signals are transmitted to the target. Finding the optimum order
using numerical or iterative methods rather than scanning could elimi-
nate the need for trying manyvalues; hence, it is of interest for a fu-
ture research. In addition, as another open research area, the proposed
method can be further generalized to more complex filtering schemes

Fig. 4(a) shows that the optimum order for the stationary sourcesSich as multistage [12] or multichannel filtering [14], [15] schemes

a = 0.3, Fig. 5(a) shows that for the moving source, itris= —0.3,
and Fig. 6(a) shows that for the accelerating source cit4s0.8; ob-

rather than a single fractional Fourier domain filtering. Another inter-
esting subject to be investigated is the relationship between the array

serve that all optimum orders are different than 0 and 1 (correspond@Pmetry and filtering schemes to be used. Additionally, beamforming
to standard space and frequency domain beamformers). The imprd0dhe time-frequency plane, which is going beyond FrFT, can be useful
ments in the performance can be easily observed in these plots, edp&ertain applications.

cially for low SNR. In addition, one can see that the improvement is
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